MATRICES

Calculate the following determinants:
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4 x 6
Solve the equation | 5 7 12 |=0.

3 -1 x
Show that:
X y X+y 1+x 1 1 1
a) y x+y x |==2x3+y3) b) 1 1-x 1 1
X4 X 1 1 1+z 1
Y Y 1 1 1 1-z
(2 4 1)
Let A=| 6 -3 2 | . Calculate the determinant ‘A—/U3,with AeR.
4 1 3
Xy z X y z
Knowingthat | 3 0 2 |=1, obtain thevalueof | 3x+3 3y 3z+2
111 X+4 y+4 z+4
Let A,BeM, with |A|=3, |B|=-2. Calculate:
a) |2A].
1
b) |=B].
) |2 |
c) |BA!].
d) 1(BAYI.
e) |(B'A'B)].
Calculate the rank of the following matrices:
(2 2 —4) (5 0 3) (2 -1
A=| -1 3 4 B={410J c=|1 O
1 -2 -3 10 1 5 3 -1
5 2
(1 21 0 2)
(5 _ ) N (
D e 21 2
b= 63 66 3| |1 2021 Fz_sé
X X - X 2 1 3 -3 4 o 3
4 4 4 3 22 -25
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-1
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( _ )
11 -21 (02 1 -12) (1 2)
G- 20;3 H=|10 -1 3 2 I=[01J
-1 ! 04 2 -2 4 10

32 12

8.- Calculate the rank of the following matrices depending on the values of the real

parameter a:

(11 01\ (1 1—11\ (112\

A-| 32 -13 B:i’i;é c=l2 13
a3 -20 - s 1 g
10 -4 3 4 2 0 a

9.- Study if the following matrices are invertible. If affirmative, calculate the inverse

matrix.

01 2) 120) 111) (03 1)
A=230J B=020J C:011J D=| -3 0 -2
4 5 7 021 001 12 0

11 3) 1001) 2 11 1)

E=o4—2JF=C1>(1)18 G-/ 0 010

2 1 1 1

2 6 -8 0101 00 0 1

10.- Study the existence of the inverse matrix depending on the values of me R . Calculate

the inverse matrix in the invertible cases.

(m -1 0) (m 1 -1) (m 1 1)
A=[1m—11J B=L12 1J C=L1m1J
1 0 1 1 3 -1 1 1 m

11 .- Study for what values of the parameter me R, the following matrices do not have

inverse.
(5_ )
al1-m 2 ) B:(_m 5 C= 21m 1—3m i
L 3 2—mJ L 2 3—mJ 0 1 1-m
(m 9 4) (11 1 )
D:{4m—1J E:Lml oJ
7 7 7 -1 3 m-1



(1 1 1\ [1 2 —1\
12.- Given the matrices P:[ 10 1J and B=| 0 -3 1 |, calculate the matrix A that
011 2 0 1
verifies P"LAP =B.
13.- Solve, using Cramer’s Rule:
X+y-z=3 X+y-z=1 X+y—-2z+t+3s=1
a) 5x-y+2z=5 b) x+2y+z=2 c) 2X -y +2Z2+2t+65=2
-3x+3y-4z=1 xX+3y-z=0 3x+2y-4z-3t-9s=3

14 .- Discuss the following systems of linear equations as the real parameters (m, a and

b) varies, and solve them using Cramer’s Rule:

mx+y-z=1 mx+y+z=m X+y+z=m
a) x+2y+z=2 b) x+my+z=1 ) x+@A+my+z=2m
xX+3y-z=0 X+y+mz=1 X+y+z=4
X+my—-z=0 mx+y+3z=3 X-2y+z=-1
d) 2x-3y-2z=0 e) x-y-z=0 f) X+y+3z=4
X+2y+z=0 5x-3y-2z=6 5x-y+mz=10
Cx42y-27-0 2x+ay+z=7

xX+ay+z+t=>b

2x-y+az=>b h
9) Y ) X+2ay+t=-1

2x-2y+3z=1+b

bx+ay=>b
(11 m)
15.- Given the matrix A:[ 3 2 4mJ with me R :
21 3

a) For what values of the parameter m, is the matrix A invertible?

b) Solve the linear system AX =05 using the results of point a).

\ (5 )
—aJ,B: a | and X =
0 a

a) Discuss the system AX =B as a varies.

\\
~ N < X
e

, with a being

= O O
[y

(
16.- Consider the matrices A= {

o =
[T ]

a real parameter.

b) In the compatible cases, calculate the solutions of AX =B.



17 .- In a market with perfect competition the functions of supply and demand of the goods
are given by:

Qg =10-2P +4P, Q,qy =10+5P -3P,

Q. =20+3P - 2P, Q,, =30-7P, +5P,
Where Ql.d is the demanded quantity of good /, Q,.s is the supplied quantity of good / and
P. is the price of the good /, for i=1,2. Calculate the prices for which the market is in
equilibrium and the demanded and supplied quantities of each good in this situation.

18 .- The condition of equilibrium for the price of three goods in a given market is
determined by the following equations:

11 -P,-P; =31

—P, +6P, - 2P, =26

-P, —2P, +7P, =24

where P. PR and P, are the prices of these three goods. Calculate the price of equilibrium

for each good.

19.- Consider the vectors u = (1, -3, 2) and v = (2, -1, 1) of R3:
a) Write, if it is possible, the vectors (1, 7, -4) and (2, -5, 4) as a linear combination
of uandv.

b) For which values of x is the vector (1, x, 5) a linear combination of v and v?
20.- The vectors v, =(1,1,-1), v, =(2,1,3) and vy =(5,2,10) of ]R3, are linearly
independent? If not, find the relation of dependency.
21.- Given the vectors u, =(2,-1,0), u, =(0,1,-1) and u; =(8,3,1) of R?, study if they
are linearly dependent or independent.
22.- Given the vectors uy = (1,0,-1,0), u, = (2,0,3,-1), Uz = 1,1,-1,1) and u, = 2,1,-2,1)
of R%, study if they are linearly independent. If not, find the relation of dependency.
23.- Given the vectors of R? vy =(1,1,0,m), v, =(3,-1,n,-1) and Vs =(-3,5,m,—-4),

determine the values of the parameters m and n so that the three vectors be linearly

dependent.



24.-Seanu=(-1,0,0),v=(1,1,0)and w = (-1, 1, -1) vectors of R3:
a) Show that {u, v, w} is a basis of R3.
b) Find the coordinates with respect to this basis of the vector whose coordinates
with respect to the canonical basis are 1, 0, 2.

¢) Find the coordinates concerning the canonical basis of the vectora = 3u - v + 5w

25.-let AeM_, AeR an eigenvalue of A and x € R” an eigenvector of A associated to 4

Prove that:
a) ad is an eigenvalue of the matrix aA for any a¢e R and x is an eigenvector of A

associated to a4 .

b) AP is an eigenvalue of AP and x is an eigenvector of AP associated to A”, with

peN.
c) |A|=0< 4=0 is an eigenvalue of A.
d) If A invertible then 1= 0. Moreover, A 1is an eigenvalue of Al and x is an

eigenvector of A1 associated to A71.

26.- Let A,BeM_ be similar matrices. Prove that:
a) |Al=I8l.
b) AP is similar to BP forany pe N.

c) If Ais invertible then B is invertible and A1 is similar to B~

27.-Let AeM_. Prove that A and A! have the same characteristic polynomial.

(1 0
1

o)
28.- Given the matrix A :{ 0 J answer the following questions:
2

2
30
a) Study if 3 is eigenvalue of A or not.

b) Are the vectors (1,1,1) and (0,0,1) eigenvectors of A? If in the affirmative, find
the associated eigenvalues.



(1 0o0)
29.- Given the matrix A :{ 1 20 J answer the following questions:
0 31

a) Study if the vector (—1,%,%) is an eigenvector or not of the matrix A. If in the

affirmative, determine the associated eigenvalue.

b) The same question for the vector (-1,0,1).

30.- For each one of the following matrices reason out if it is diagonalizable or not. Besides:
a) If in the affirmative, give a diagonal matrix D and an invertible matrix P such that
D=PlAP.

b) If in the negative, calculate the eigenvalues and the eigenvectors associated to

each eigenvalue.

(03 o) 2 2 1) 1 -3 3)
A=l -14 0 A=| -2 1 A=| 3 -5 3J
02 -2 122 6 6 4
10 0) 01 1 4 -4 6 )
A,=| 00 -1 A=| 101 A=| 3 -4 6J
01 O 110 1 -2 3
2 0 -2 ) 2 4 3 102 2)
A=l 3 -1 2 Ag=| -2 2 0 Ag=| 2 -1 2
2 0 -2 302 2 2 3

(1) (3)
31.- A matrix AeM, verifies the following conditions: AL 1 J:L i’ J and (2,-1) is an
-1

eigenvector of A associated to the eigenvalue 1 =-2. Find the matrix A indicating if it is

diagonalizable or not. If affirmative, give a diagonal matrix D and an invertible matrix P

such that D=P1AP.

( )
32.-let A :L ; Z J with a,b e R. Calculate the values of the parameters a and b so that

the vector (2,-1) is eigenvector of A associated to the eigenvalue 2.

33.- Find a matrix Ae My of eigenvalues -1, 1, 2 with associated eigenvectors (1,0,-1),

(1,1,0), (3,-3,1), respectively.



34.- Find a matrix Ae M; with eigenvalue 4 =1 (simple) and eigenvalue =2 (double)
with associated eigenvectors (1,1,0), (1,0,0), respectively.
35.- Find a matrix Ae My with eigenvalue /11 = -1 (double) and eigenvalue /12 =3 (simple)

with associated eigenvectors (1,0,2), (-1,0,0) and (0,1,1), respectively.

( )
36.-Let A :L 32 J with a,b e R. Calculate the values of the parameters a and b so that
a

A has eigenvalues 1 and -1. Is A a diagonalizable matrix?

(1 0 3
37.- Consider the matrix A :{ 3 -2 a J with ae R.
3 01

a) For which values of the parameter a is 1 =-2 an eigenvalue of A?

b) For which values of the parameter a is the matrix A diagonalizable?

(o) [ 5)
38.- Determine a matrix A €M, such that At 1 J :{ 3 J and that his eigenvectors be
1 1

the non-null vectors of R3 belonging to the sets {(x,y,z)eR3|x=2z},

{(x,y,2) e R3 | x+y =0,z=0}.

( a 1 p \
39.- The matrix A =[ b 2 g J admits as eigenvectors (-1,-1,0), (1,0,-2) and (0,-1,1)
c -1 r

associated to the eigenvalues 3, 0 and 3/2 respectively. Answer the following items:
a) Find the unknown elements of A.

b) Is A diagonalizable? If affirmative, perform the diagonalization.

(1 00 0)
40.- Consider the matrix A= -1.0 ; -1
0 -1 1 1

a) Find its eigenvalues and eigenvectors. It is A diagonalizable?

b) Check that that the determinant of the matrix A is the product of its eigenvalues.



(5 5 1) (2 1 1)
41.- Check that the matrices A:[ 1 31 J and B= 0O 2 -1 have the same
1 2 2 -3 -2 3

eigenvalues but, however, are not similar.

(
42.- Calculate Al00 and, in general, Ak, with ke N, for the matrix A :L

2
1 —1J'

(2 _1)
43.- Calculate AK with ke N odd, for the matrix A =L 2 21 J .

44.- Calculate A" vne N in each one of the following cases:

( 1 00 ) ( 2 -1 3 )
a) A= 0 -1 0 b) A=l 0 1 -1
0 0 2 O 0 3
45.- Calculate a symmetric matrix Ae M, that verify: v=(1,-1,0) is eigenvector of A,

(5) (2
A{ 0 J:L oJ and |A| =0. Calculate A0,
0 2

46.- Determine for which values of the parameters b,ce R the following matrices are

diagonalizable. If affirmative, find a diagonal matrix similar to the given one.

(5 0 0) (b co) (1 2 7)
A=/ 0 -15b AZ:{OloJ A= 0 1 b
3 0 c 0 0 2 0O 0 1
47.- For each one of the following matrices A i=1,2,3, find, if it is possible, an invertible

matrix P and a diagonal matrix D so that D = P‘lAl.P.
(2 0 o) (

Aoz a] A } {

48.- The characteristic polynomial of a matrix A of order 3 is P(1) = -3 +214-20.

1
1
1

With this information, can you justify whether A is invertible and/or diagonalizable?

9



49.- The eigenvalues of a certain diagonalizable matrix A eM(n x n) are the roots of the
characteristic polynomial P(1) = P +a4-513-521+40+4 .
a) Determine the eigenvalues and their multiplicity.

b) Determine the dimension of the matrix A and Rk(A) .

c) Calculate, if possible, A‘l‘ and ‘—%A‘l

d) Calculate the eigenvalues of A? and their multiplicity.

50.- Consider the matrix A =

=N

1
0
1

N O O

a) Calculate the eigenvalues and eigenvectors of A.

b) Is it diagonalizable? If it is, calculate a similar diagonal matrix D and a matrix P

such that D= P1AP.
c) Is there any value of the parameter a so that (3, -6, a) is an eigenvector of A?
51.- Let A be a matrix of order 3 whose characteristic polynomial is
P(A)=-43 242 +51+6:
a) Calculate the eigenvalues of A and the determinant of A.
b) Explain if the following statements are true or false:

i) The homogeneous linear system, AX = 0, is consistent and determined.

ii) There is a diagonal D matrix and a regular P matrix such that D = plap.

52.- Given a symmetric matrix A of order 4 whose eigenvalues are 1, 3, -5 and -5:

i) Reason if A1 exists and, if so, calculate its determinant.

ii) Obtain the rank of the matrix A+51,7?

10



m 0 O

53.-Let A=| 0 1 -1| with m being a real number:

0 -1 1
a) Study the existence of the inverse matrix of A according to the values of the
parameter m. Calculate, when possible, AL
b) Determine the values of the parameter m so that A is diagonalizable.

c) Calculate the characteristic polynomial and the eigenvalues of A.

d) For m = 0, calculate a diagonal matrix D and a matrix P such that D = Plap.

-1 0 -3

54.- Given the matrix A=| 3 3 3|,

-3 0 -1

a) Calculate the eigenvalues of A.
b) Calculate the eigenvectors of A.
c) Is it diagonalizable? If it is, calculate a regular matrix P and a diagonal matrix D

such that D =P 1AP.

d) Calculate the eigenvalues of A3,

11



QUADRATIC FORMS

1.- Consider the quadratic form Q(x) of associated matrix (respectively)
(1 1 0) (32 4) (11 1) (2 0 o)
A=l 1 -2 1 Aflzon A3=L111J A=l 0 -2 1
0O 1 -1 4 2 3 111 0o 1 =2
Answer to the following points:
a) Express Q(x) in polynomial form.

b) Find, by the method of eigenvalues, a diagonal expression for Q (x).
c) Classify Q(x).

2.- Consider the quadratic form Q(x) of associated matrix (respectively)
(1 00) (0 -11) (35 4)
A1:{022J A=-1 10 A3={202J
0 2 2 1 0 1 4 2 3
Answer to the following points:
a) Express Q(x) in polynomial form.

b) Find, by completing squares, a diagonal expression for Q (x).
c) Classify Q(x).

3.- Consider the quadratic form Q(x, vy, z)= 2x2 + 5y2 +52% + 4xy —4xz -8yz and
answer:

a) Find a diagonal expression for Q.

b) Classify Q.

4.- For each one of the following matrices, answer:
a) Find a congruent diagonal matrix to the matrix given.

b) Classify the quadratic form that it represents.

(21 2) 41 1) (2 2 1)
A1:L111J A, = 141J A=| 2 1 -2
1 4 1 1 4 1 -2 -2
(5 2 0 -1) 1 1 0
Al 220 1| 1 0
0 0 1 -2 0 0-2 0
4 1 2 2 1 1 0 -1

12



101 2 2 -2
A; =10 4 1 A= 2 3 4
114 -2 4 0

5.- Classify by their sign the following quadratic forms:
a) Q(x,y)= 3x2% - 4xy + 7y2 .
b) Q(x, y)=x2+y?+2xy .
c) Q(x,y)=6xy- 2x% - 5y2.
d) Q(x, y)=4y?+8xy .
e) Qx,y,z)= y2 +2Xxy +2yz.
f) Qlx,y,z)= x>+ 4y2 +2% + 2Xy +2xz +4yz

2

g) Qx,vy, z)=x2+2y2+z +XZ +2Xy +2yZ.

h) Q(x,y, z)= 4x? + 4y2 +2% - 4xy .
i) Q(x,Vy,2)=2xy+2xz+2yz.

) QX y, 2)=x*+y*+ 2%,

k) Qx,vy, z)= —4x? + y2 +32% +3xz + yZ.

N Qlx, vy, z)= 2x% +2xz + 3y2 +22%.

m) Q(x, y, 2)= 2x2 - y2 +32% - 3xy +4yz - 2xz .
n) Qx,vy, z)= X% + 10y2 +6xy .

o) Q(x,y, z)= x% + 4y2 +32%2 + 4xy +2xz +4yz.
p) Q(x,y, z, t)=2xz -3yt +2xt — t2.

q) Qx,y, z)= x? - y2 —27% 4+ 2xy +4yz.

1 Q(x,y, z)=2xy +4yz—4xz— x> -y + 422,

2

6.- Show that for all vx,y,z e R it holds x% + y2 +Z°Z2XY+XZ+YyZ.

7.- Determine for what value of ¢ R the following quadratic forms are semidefinite

indicating if it is positive or negative.

a) Qlx,y, z2)= x2 +2y2 +az? - 2xz.

b) Qx, v, 2)= x> +ay*+az’+2yz.

13



8.- C(lassify, depending on the values of fe R, the quadratic form of expression
Qx,y, z,t)= X% + y2 + 22 +t2 + 20yt +28xz .

9.- Study, depending on the values of the real parameter a, the sign of the quadratic form

(a20)
of associated matrix A:L 2 a 3 J
0 3 3
(1 a21)
: . . . a o010 . .
10.- Consider the quadratic form of associated matrix A= 514 2| Is it negative
1021

definite for any value of the real parameter a?.
11.- Classify the following restricted quadratic forms:
a) Q(x, y)=2x%+y? +22xy to S = {(x, y)e R? | x =2y = 0} .

b) Q(, vy, z)=x2+4y2+522+2xy—2xz+4yz to the vectors (x,y,z) such that
X+2y-z=0 and 2x-3y+z=0.

c) Qx,y,2)= 2x% + y2 —4xy +2yz to the vectors (x,y,z) suchthat x—-y+2z=0.
d) Qlx,y,z t)= x% - 7% +2xz + xt + 2yz to the vectors (x,y,z,t) such that
X+y-z=0,y-t=0.

12.- Classify the quadratic form Q(x, y, z) = X%+ y2 ~ 272 restricted to:
a) S={(x,y,z)e]R3|x+z=0}.

b) S={(x,y,2)eR®|x=y=-z}.

13.- Classify Q(x, y, 2) = 2x2 + 2y2 +27% + 2Xy +2xz + 2yz restricted to:

a) S={(x,y,z)eR3|x-2z=0}.
b) S={(0,0, z)| ze R}.

14.- Classify the quadratic form Q(x, y, z) = x2 + y2 +72%+ 2Xy+2xz+2yz restricted to

theset S={(x,y, 2)e R3 | x-y -2z=0}.

14



15.- Consider the quadratic form Q(x, y, z) = 4x? + 5y2 +7% - 4xz.

a) Find a diagonal expression for Q.
b) Classify the sign of Q.

c) Classify Q restricted to S ={(x, y, z)e R3 | x -z =0}.

)
J, where b is a real

o O =
O N O
= O T

(
16.- Consider the quadratic form of associated matrix A ={

parameter.
a) Determine its sign as a function of the values of the parameter b.

b) Determine its sign restricted to the vectors (x, y, z) satisfying y = 2z, for any value

of b.

17.- Let Q(x, y, 2) = y2 - Xy —-XZ-yZ.
a) Find a diagonal expression for Q.
b) Classify Q.

c) Classify, depending on the values of the real parameter «, Q restricted to the set

S={(x,y,2)e R3 | x =y =az}.

18.- Let Q(x, y, 2)= 2ax? + y2 + 7%+ 4axz, with ae R.
a) Classify Q depending on the values of the real parameter a.

b) If a = -1, find subsets S, and S, of R3 such that Q restricted to S, be positive

definite and Q restricted to S, be negative definite.

-2 3 0
19.- Considering the quadratic form Q (X, y, z) represented by the matrix A=| 3 -2 0
0 0 5

answer reasonably the following questions:
a) Does the quadratic form Q admit the expression Q(X,y, 2) = —2%x% - 2)72 ~5%27
b) Justify if there is any (xg,¥q,2g) € R3 for which it is verified that Q(xg,Y0:29) > 0.

c) Define, if possible, a subset R3 where the quadratic form Q is definite negative.

15



20.- Given the quadratic form Q(x,y,z) = 2x2 - y2 —47% + 4zy . It is requested:
a) Calculate a diagonal expression for Q.

b) Justify if there it exist some (xq,Yq,Zg) € R3such that Q(xg,Y0:20) <0.
c) Study the sign of Q constrained to S = {(x, y,Z)e R3 |y -2z = 0}.

21.- Given the quadratic form Q(x,y,z) = X% + 3y2 +2% +2xz:
a) Classify Q (%, Y, z).
b) Can Q(X,vy,z) = X2 + 3)72 +27% be a diagonal expression of Q (x, vy, z)?

22.- Given the high value of the public deficit of an imaginary country, the government
decides to create a new tax T whose amount is a function of the payments (or

reimbursements if applicable) of the income tax, R, and of the payments of the heritage

tax, P, in such way that T = 2R? +4P%2 _4RP. The government, before setting up the new
tax, wants to make sure that no taxpayer will be reimbursed by this new tax. Check that

the new tax will fulfil its purpose with all and each one of the taxpayers.
23.- The economists of a company claim that the production function is of the type:

P=1%2+K?-2LK, being L and K the number of workers and of machines, respectively.
Besides that, it is known that each machine needs two workers for it to work. Check that

indeed, P is a production function with the condition given.
24.- An investor estimates that by investing in three securities, A, B and C, the resulting
portfolio will have a profitability of U(x,y,z) = 2x% - 2y2 -72% + 2xy + 6xz, being x, y and
z, the returns at the time of purchase of each value A, B and C respectively.
a) Analyze if said portfolio can generate losses.
b) Analyze how the previous response affects an economic situation in which the
three products have the same profitability.
c) If the investor knows that the profitability of the product A is double of that of B,

Will there be gains?

16



FUNCTIONS FROM R” TO R™

Note: it will be understood that logx =log;g x and Inx =log, x

1.-

Determine and represent graphically the domain of the following functions:

a) f(x)=Vx2-16 b) f(x)= 21

xc -1
Q) F(x) = —— d) Flx)=
x-3 V1 - x2
3 x+l
&) Fx)= X+ f) f(x):e\/;
x2+x+1
g) f(x):\/3+J21+_X h) F(x)=In(x2 - 4)
2
) F(x)=InX=3X+2 D) FO) =In(x +2) +In(x - 2)
x+1
K) Fx,y)=3x+y ) Flxy) = XY
x2+2y2
m) f(x,y) = n) =2
X-y X
0) F(x,y)=In@x -y +1) p) FX,y)=X+y
Q) FOuy)=V1-x2 +yy? -1 B y) =1 X% - 2
s) 1 t) f(x,y)=In(3x% +y? +4)

f(x,y) = ——
\/x2+y2—1
u) f(x,y,2)=\/1—x2—y2—z2 V) f(x,y):(m(“y),,/4_X2_yzj

Represent graphically the level (contour) curves of the following functions:

a) f(x,y)=x+y b) f(x,y)=(x+y) Q) flx,y)=x>+y?

d) fix,y)== e) F(x,y)=+xy f) Fy)=x", x>0
y

9) flx,y)=L h) fly)=In@x-y+1) 1) Flxy) =2
X



3.-

Compute the following limits if possible:

2 _ ( VX
a) Lim—X"~1 by Lim——>X=1 0) Limk1+XJ
X—>12X2—X—1 X_)11’X3+3—2 x—0 1-x
2 2 _
d) Lim-X ) Lim—2_ £ Lim 2X2=6X
x—0 1 x—0 1 x—+0 3x2 _8
1+2% 3+4x
X2
( VX ( Y x+1 5
g) Lim Ll_ij h) Lim LZX” x* ) Lim ZX—
X—>+0 3X X—>400 2X + 4 X—>+0 e—X
( VX ( VX 2
i Lim LZX”J k) Lim LSX”J y  Lim XV
X—>+00 X X—+0\8X -1 (x,y)—>1,2) 4x -y +1
2
m)  Lim % n) Lim (xz +5xy -8, e, In(2x + y)j
(x,¥)(0,0) 5x2 4+ y (x,¥)>(0,1)

Study the continuity of the following functions:

eX ) 2x? - 3y? .

_ if x<0 = =7 jf (x,y)=#(0,0
a) f(xX)=< x-1 b) f(x,y) = 7x2+y2 () =(0,0)

x34+1 if x>0 0 if (x,y)=(0,0)

Compute the first derivative of the following functions:

a) f(x)=e’ b) Fx)= &
X
1 X
Q) F(x)=— d) f(x)=e 2
X
) f(x)=1” 6 Fx)=2x -1
g) f(x)=Inx+Vx? +1 h) f(x):§+|nz
- 2 1 ) _1+\/;
N )= - i) f(x)_l_&

3 1 1

k) f(x)=Inx logx —Ina log, x ) f(x)= - _
56(2x —1)7  24(2x -1)° 40(2x - 1)

m) F(x) = 32eX —2X +1 +In° x n) f(x)=x210%X



2
0) f(x)= In% x —In(Inx) p) f(x)= gxlxz - a? —%In(x +x? —a2)

q) f(x)=x%a-2x3)? ) F(x)=y(x +a)(x +b)(x +c)

s) f(x)=Yx+vx ) F(x)=(2x +1)(3x +2)I3x +2

u) f(X)=§4~f§;; v) f(x)=In(sinx)

X) f(x)=cos*x

w) f(x) = sin x*

y) f(x)= sin’x cos x®

Compute the partial derivatives of the following functions:

X z [ 2
b) f(x,y)= |nM

a) f(x,y,z)=€e¥ +ev

X% + y2 + X
0) flx,y,2)=e< VT d) FOxy) = xy+ X
y
e) f(x,y)=x>+y*-3axy f) Fooy)="—2
X+y
g9) f(x,y)=In(x+ x> +y?) h) f(x,y)=x"
_ . X+y
i) f(x,y,2)=2" ) fx,y)=—F——
3IX2 + y2
ax i
k) F(x,y) = x2sin’y ) Fixy) = S SINXacosy)
a +b
_x - . dy
Check that y = xe™™ verifies the equation xd— =1-x)y.
X
Compute y’ starting from the following expressions:
a) 2x%2+5xy+y%=19 b) x?+y?=25 c) y=1+xe
Y X
d) Iny+e x =8 e) Iny+7=7 fy x¥=y*¥

Find the equation of the tangent straight line to the graph of the function f(x) = L at
X

. Find an approximate value of f(1.1).



10.- Compute the following limits:

a) Lim21X b) Lim 2 =C05X) o Lm& =L
x—0 X x—0 X2 x—0 X
. 2 _ B .
d) Lim sin3x e) Lim 1 cos& A Lim 1 - cos(sin x)
x—0 3x2 x—0 lx x—0 x2
2
In(1 + x2) eX’ 1 In(1 + sin x)
g) Lim——~ h) Lim i) Lim————=~
x—0 X2 x—0 X2 x—0 sin X
e?X -1 sinx tgx 1- cos4x
j) Lim k) Lim——=— N Lim————
x>0 3 x—01 - cosx x>0  5x2
. 2 _
m) Lim In(1 + x) n) Li sin“x o) Li 4(x —In(1 + x))
x—0 1_eX x—01-cos2x x>0 xIn(1+ x)
1 1
p) Lim xX q) Lim (cosx)X r) Lim x[In(x +1)-Inx]
x—0*t x—0" X —>+00
6
s) Lim lInx t) Lim Inx u) Lim In( +x7)
X—>+0 X X—>+00 X2 X—+0 X2
v) Lim (Inx3)e™
X —>+0
11.- Compute Vf(x,y) when f(x,y) = xzy + y3.
12.- Find the Jacobian matrix of the following functions:
2 _ 2
a) f(x)=In"x b) f(xl,xz)_(xl—xz)
) FX.Xy) = (X + Xy, X — X)) d) f(t)=(t et, e?)

13.- Compute % in the functions:

a) z=3x+y, with x=t2+1; y:et.

b) z=xy+yu+xu,with x=t; y=et; u=In(t).

c) z=e,with x=tcost; y=tsint.

14.- Compute Z—Z(l) in the function z =3x?% + 2Xy — y2 , with x = u? + 3u; y= 2u% —u.
u



15.- Compute ou and ou in the function u = zsinx, with x =3r% + 2s; y=4r - 253,
or oS X

z=2r%-3s%.
0z oz . . .

16.- Compute ~' o and evaluate them at the point (x,y) =(0,1), in the following cases:
X oy

a) z=u+v,wWithu=x+¢e"; v=In(y)+e*.

sin u .
b) z=  With u=s—t; v=s+x; s=y?>-x; t=¢e’.
v

17.- Prove that x 2 +y 2 22, if z = In(x? + xy + y?).
ox oy

18.- Prove that x 2 +y = _ xy + 7, if z = xy + xe¥/X.
ox oy

19.- Prove that it holds

oz oz
(X2 - y?) Z(x,y) + xy = (x,y) = xyz,
oX oy

( >7 )
where z=¢” F{y e ZVZJ and F being a differentiable real function of a real variable.

20.- Let f(x,y) = g(x2 + y2), being g : R — R a differentiable function at any point of the
real line. If g’(5) = 3, compute Vf(1,2).

21.- Determine the differential of the following functions at the indicated points:
2

a) y=Inx,at?2 b) y=>_,at0
eX
( V2
©) z=yx%2+y?,at (1,1) d) u=ny+£J ,at (1,1,1).
y
2x Y
e) z=|n—2,at 1,e) j) f(x,y):xzex,at(x, y) with x =0
y

k) z=(" +y, xy?), at (0,0)



22.- Let f(x) = %/;, using the concept of differential, study the approximate variation of the

function when we change x=27 into x=26.9 .

23.- Compute the directional derivative of the following functions in the indicated direction

and at the indicated point:

(1 _3)
a) f(x,y)=3-2x%+y3, in the direction of v = L%,T\EJ at the point P=(1,2)
5 . (11 .
b) f(x,y)=x“+y+1, in the direction k—,—J at the point (0,0)
V22
5 3 . (2 3 .
c) f(x,y)=log(x“ +y~), in the direction of v = L—,—J at the point P =(1,3)
13 V13
. . (12 1) .
d) f(x,y,z)=xsin(yz), in the direction L—,—,——J at the point (1,3,0)
J6'V6' e
( )
e) f(x,y,z)=xsiny +ycosz +zsinx, in the direction LQ,O,gJ at the point
(0,0,0)
S T S (11 1) _
f) f(x,y,z)=(x“+yz°, sin(x* +y<)), in the direction L—,—,—J at the point
333
Wr, 1)
24.- Let f(x,y) be a differentiable function at the point (1,2). Knowing that f (1,2) =5 and
(1 1) (1 2)
f (1,2)=6 withv=|—=,—~=| and w=| —=,-—|, compute Vf(1,2).
" z2'%) 55

25.- Given the vector field f(x,y) = (xy, x%, y?),
a) Study its differentiability at the point (-1,2).

b) In the case of being differentiable, compute its differential at that point.

(1 1)
c) Find f ' atthe point (-1,2) being v=| —=,—=].
v 2%
26.- Compute y" in y=|n(x+\/4+x2).
2 2 2 2
27.- Given f(x,y) = x €Y%, compute i, i, of , or , of and ﬁ
X 0y  ox? oy oxoy oy ox



28.- Compute the Hessian matrix of the following functions:
a) f(x,y)=x4+y4+4xy—2x2—2y2.
b) f(x,y)=x2+y2+xy—4lnx—10Iny,x,y>O.
C) f(x,y)=9x2+y2+6xy+12x+4y.
d) f(x,y)=x3+y3—9xy+27.

2

e) f(x,y,2)=x?+y?+2°-xy+x-2z.

f)y f(x,y,z)=xyz.

29.- If Fand G are real functions of a real variable with continuous second order derivatives,

(N ()

prove that the function z=x F| = |+ G| = | satisfies the following equation:
(x) 7P

2 8%z 8%z 5 8%z
5 —(x, y)+2xy—(x y) +y? —2(x y)=0.
OX oy

30.- Knowing that f and g are real functions of a real variable with derivatives of the second

order and z = f(x2 + yz) + g(x2 + y2) , compute:

1 &z
=) - —2—( : )——3—( W+ = Z ).
x2 ox? y 8y X y oy
o’z &’z
31.- Check that z = Iog(x +y ) satisfies the equation —2+—2=0.
oX oy

32.- If fis a real function of a real variable with second derivative, check that the function

z=xf(x+y)+yf(x+y) satisfies the equation:

822 > 822 azz

+
ox2  oxdy gy

33.-Let f,g: R — R be real functions of a real variable and h(x,y) =f(y -g(x)). Assuming

that there exist f” and g” in all of R, compute ﬁz—g(x, V), ﬂ(x,y).

ox éyz

34.- Compute the Taylor expansion of order 2 of the following functions in a neighbourhood

of the indicated points:

a) f(x)=Inl+x), x=0 b) f(x)=€*, x=0



1

) f(X):1+X

, x=0

e) f(x)=+v1+x, x=0
g) f(x)=cosx, x=0

i) F(x)=In(x-2x2), x = %

k) f(x)=|n(x+\/1+x2), x=1
m) f(x)=1+x)e*, x=0

0) f(x)= sin®2x, x =0

q) f(x)=eXInl-x), x=0

s) f(x,y)=e>*¥, (x,y)=(0,0)

d)

f)

h)

j)

u) f(x,y,z2)=x+yz+e¥, (x,y,z)=(1,0,1)

1

, x=0
(1+ x)?

f(x) =

f(x)=sinx, x=0

2x2—3
(x-172"

f(x):ln(1+xj, X =0
1-x

f(x)=3\/6+x, xX=2

f(x)= x=0

f(x)=@1+eX)3, x=

N | =

f(x) =In(2x) —i, X =2

f(x)=In(9-x2%), x=0

2

X
FGY) =—2s, (x,y)=(1,1)
X" +Yy

35.- Given the function f(x,y) =+/x +y Iny, we consider the equation f(x,y) = 2e:

a) Prove that this equation defines y as an implicit function of x in a neighbourhood

of the point (0,e2).
b) Compute y'(0).

36.- Given the equation e“sin(x + y) + e¥sin(x + z) + e*sin(y +z)=0:

a) Prove that it defines z as an implicit function of x and y in a neighbourhood of the

point (z,0,7).

b) Compute a—Z(;r,O) and 6—Z(;r,O).
ox oy

37.- Prove that the equation x2y+xy2 =16 defines y as an implicit function of x in a

neighbourhood of the point (2,2). Is y(x) increasing or decreasing at x=2?



3ax

38.- Consider the equation 3ax? —In(yz) - —— = 0. For which values of the parameter «
yz

we can assure that the previous equation defines implicitly x = x(y,z) in a neighbourhood

of the point (1,1,1)?

39.- Given the equation z sinx -y sinz=0:

a) Prove that it defines z as an implicit function of (x,y) in a neighbourhood of

(ﬂ'ﬂ'ﬂ'\

2'2'2)
. . . . ()
b) Find the Taylor polynomial of degree 1 in a neighbourhood of the point LE'_

the function defined in a).

40.- Let h:R? > R be given by h(x,y) =sin(x% +y)+xy +a%y.

a) For which values of a the equation h(x, y) =0 defines y as an implicit function of

X, ¥ =¢(x), in a neighbourhood of (0, 0)?
b) Compute ¢’ (0) when possible.

c) Does it define the same equation x as an implicit function y in a neighbourhood of

(0, 0) for some value of a?

d) Let F(x, t)= ("t +x%2-1,e?X ;tcosx-1), with p(x) the implicit function of a).

Prove that JF(0,0) is a regular matrix.

2 2
41.- Given the equation e 7Y +a(x2+y?)=1+a:

a) For which values of o e R does it define y =y(x) as an implicit function in a

1)
N
dy(l\

b) For the previous values of o € R, compute —L—J

dx\2)"

neighbourhood of the point L

42.- Let f:R3 5 R be given by f(x,y,z) =ayz—yln(1+zz)+zcos(x+2y)+1, aeR.

a) Prove that f(x, y, z) = 0 defines z as an implicit function of x and y in a

neighbourhood of the point (7, 0, 1) for any value of «.

b) Compute « such that z(;z, 0)=0= 2(7;, 0).
ox oy



43.- Given the equation xy2 - yx2 + zzcos(xz) =1:
a) Prove that it defines z(x,y) as an implicit function in a neighbourhood of the point
0,42,1).
b) Find the tangent plane of z(x,y) at the point (O,\/E).

c) Compute the directional derivative of z(x,y) at (O,x/E) respect to the direction
v=(i 1)
ZB)
44.- Let F:R* 5 R be given by F(x,y,z,t)=x3z+y3t2—1:
a) Prove that the equation F(x,y, z,t)=0 defines t as an implicit function of the
variables (x, y, z) in a neighbourhood of the point (0, 1, 0, 1).

b) If t =¢(x,y, z) is the implicit function of a), compute V¢(0,1,0).

45.- Study whether the following functions are homogeneous, indicating the degree of
homogeneity if in the affirmative:

4 4
a) f(x,y)zu b) f(x,y)=3x4+4x2y2+5y4
2.2
X 2Xx
C) f(X,y)= 3 Y 3 d) f(X’y):z—yz
XT+Yy X +y
e) f(x,y)=(x2+y2)*1/3 f) f(x,y)=x2+3xy2—15x—12y
g) f(x,y)=90x3y"/3 h) Flx,y) = x%yb
(.3 2 43
I) f(X,y,Z)=LX yrxrz axz J ]) f(X,y,z):ian
X -2y X2 z
6 4.2 5
k) f(x,y,z)=3\/x2—y2+\/x+z )] f(x,y,z):i/x +yx3+yz
2z
m) f(X,y,Z)=|nX_§§ n) f(x,y,z)=e3>*" +3Ixz
+
\/72
0) f(x,y,z)=e'"? p) f(x,y,z)=x|n§+ 2yz +7

46.- For the functions of the previous exercise, compute the partial derivatives. Check that

Euler's Theorem holds in the appropriate cases.

10



47.- Given f(x,y) = x4y2ey/x, check that xi + yi = 6f . What can be deduced from the

oX oy
previous equality?
48.- Let f be an homogeneous function of degree m, such that f(-1,1)=1 and f(-2,2)=1.

Compute m.

49.- Let f be a differentiable, homogeneous function of degree 2 with 2—f(3,2)=3 and
X
of
8_(3'2) =4 . Compute f(3,2).
y

50.- Let f(x,y,z) be a differentiable, homogeneous function of degree 3 such that the
components of its gradient vector at (1,2,3) are (5,2,2). What is the value of the function
at the point (1,2,3)?

(y

)
51.- Let z=2z(x,y) be such that it verifies the equation FL 5) =0, F being a function
X X

with derivatives of first order, the second of them being not zero.

a) Prove that z = z(x,y) is homogeneous of degree 1.

b) It is homogeneous 2—2? If in the affirmative, of what degree? Reason out the
X

answer.

52.- Let f(x,y) be homogenous of degree 1 with derivativeds of second order. Prove that:

1 &%f 1 &*F 1 &°f

y? ox? Xy oxdy _;6y2 -

x2y?2
53.- Let f(x,y) = . Prove that it holds:
X% +y?
2 2 2,2 2
x26f+y26f=2Xy —2xy£.
ox? oy’ x%+y? oxaoy
th2+y2+22

54.- Given the function f(x,y,z) =€ Xy

a) Check that it is homogeneous of degree 0.

b) Compute xﬁ(x,y,z) + yﬁ(x,y,z) + zz(x,y,z) .
oX oy oz

11



55.- Let f,g: R3 > R be differentiable functions and homogeneous of degrees 4 and 1,

respectively. Prove that if h(x,y,z)=f(x,y,z).9(x,y,z), it is verified:

x x4y Dix,y,2)+ 280 (x, v, 2) = 5h(x, v, 2).
1704 oy oz

56.- Let f(x,y) be differentiable such that g(l,l) =1, i(l,l) =1, f1,1)=2, ﬁ(l,Z) =1,
ox oy ox

2—f(1,2) =1, f(1,2)=5. Say whether f is homogeneous and if in the affirmative, of what
y

degree.

57.- Let f(x,y)=eX V.
a) Compute the contour curves of f(x, y) and represent them graphically.
b) Compute Vf(2,1).
c) Compute the directional derivative of f at the point (2,1) following the direction
(1 1)
%z %)

o X =2 +Int?
d) Taking into account

, compute i(l).

58.- Let the function f(x,y) = In(1 + x% + 2y?).
a) Compute the domain of f.

b) Compute the gradient vector of f at (x,y).
c) Is the function f diferentiable?

( )
d) Compute the directional derivative of f respect to the direction of Li —LJ at

20 2
the point (1,1).
e) Does the function f verify the conditions of Schwarz’s Theorem?

f) Using the result of e), compute the Hessian matrix of f at (x, y).

12



59=L£tﬂmfumﬂonngy)zm(i%+1J—1
X

a) Determine the contour curves of the function and represent them graphically.
b) Compute Vf(1,2e).
(V2 \2)
22

c) Given the vector v =L —J , compute the directional derivative f, (1,2e).

d) Prove that the contour curve of level zero of f defines y as an implicit function of

x. Taking the implicit differentiation, compute y'@1).

y [l
X +2y

60.- Consider the function of two variables f(x,y) =

a) Determine its domain and represent it graphically.

b) Determine and represent the contour curves of f.

c) Prove that lim  f(x,y) does not exist.
(x,y)—(0,0)

d) Determine the pairs (a,b) eR? such that the equation f(x,y) = b p defines y as

a+

an implicit function of x in a neighbourhood of the point (a, b) . For each of the previous

pairs, compute y'(a) by implicit differentiation.

61.- Let F(x,y,z)=x2zy+eXZ - Z2y+4y:
a) Without computing the partial derivatives, reason out whether the following

relation is true:
xE oy 2y Exy, 2+ 2% (x,y,2) = 4F(x,y, 2).
ox oy oz

b) Compute VF(0,2,1).
c) Compute the directional derivative of F(x,y,z) with respect to the direction

(1 -1 -1) .

Lﬁ, ﬁ, EJ at the point (0,2,1).

d) Prove that the equation F(x,y,z) =7 defines x as an implicit function of y, z (x =
f(y, 2)) in a neighbourhood of the point (0,2,1).

e) Compute Vf(2,1).

I

\

S

S
——

f) Compute the directional derivative of f(y,z) with respect to the direction L

at the point (2,1).
13



62.- It is known that the supply of a good as a function of his price p is given by:

S(p) = 5

p .
P~ f 0<p<10
20 TEsps

2p-15 if 10<p <30

a) Determine the domain of the supply function.

b) Which is the supply if the price is 5 monetary units?

63.- The demand of a good as a function of his price is given by D(p) = ap2 — b . Determine

the values of a and b knowing that D(8) = 1 and that lim D(p)=5.
p—0

64.- The total cost to produce g units of an article is C(q) = 4q3 - 6q2 +18g+12.

a) Calculate the cost of producing 1 unit.
b) If they are produced 20 units, which is the mean cost?

c) Write the function of mean cost.

d) Write the function of marginal cost.

65.- The profit in terms of the sale price of a product is B(p), defined for p e[2,6]. This

function B(p) consist of two straight segments whose slopes are 0.2. Moreover it is known
that B(3)=50 and that when the price is increased beyond the threshold of 4 monetary
units a subsidy is lost so that the profit abruptly decreases by 10 units. Write and sketch

graphically this profit function in terms of the price.

66.- The cost function in terms of the number of hours worked, x, is of the form

C(x) = . Determine a, b, ¢ knowing that C(x) is continuous,
ax?>+b  if x€[0,100]

cx if x < (100,200]

that the slope of the straight tangent at x = 50 is 8 and that 121 hours worked imply a cost
equal to 990.

67.- The production function of a good is Q(K,L)=83\/K2L, where Q is the quantity of

production, K and L are the quantity of inputs capital and labor, respectively.

Show that the productivity of the work is a function of the ratio capital-labor (only depends

of the proportion between the capital and the labor).

14



12
68.- Let the production function of a firm be Q(K,L) =2K2L>, where K is the capital, L the

labour and Q the obtained production.
a) Assuming that they are used 9 units of capital and 32 of work, what input increase
implies greater production increase, keeping constant the other input?
b) Assuming that they are used 9 units of capital and 32 of work, what would be the
approximate variation in the production when the capital is increased 2 units and the

labour 1 unit?

c) Without computing the derivatives, calculate K%(K,L) + L%(K, L).

69.- A firm produces two products with quantities g, y g, respectively, and the income is

I(q,,q9,) = 9,9, Each one of the products has a production function that depends on the

capital K and on the labor L as follows:
q,(K,L) = 3K + 2L, a,(K,L) = 6VKL

a) Calculate %(K,L),S—i(K,L) when they are used 4 units of capital and 9 of labor.
b) Are the production functions homogeneous? of which degree?

c) Without calculating the derivatives, compute K%(K,L) + LZ—{(K,L) .

15



INTEGRALS OF FUNCTIONS OF ONE VARIABLE

1.- Compute the following indefinite integrals:

D [

1+2y

4) [(5- 2x+\/7+8ex)dx 5) j

1)

7) jL X +8§de

3t

10) j

13) J'W dx
X

16) j

1+x?2

2x+1
O a”

22) jx 1- x%dx

2) j 5)5 dz

1+t

\9
8) IL x+5) ax

2
11) I(\/;——Zx)dx

Jx

14) j tg(x) dx

17)

J- dx
\/;(\/; +1)

4 -2x

20)jz—dx

X°—-4x +3

23
)I(x 3_1)°

2.- Compute the following definite integrals:

1) Ilz[x3 —iz+ Z)dx

X

s e

2) j; et gt

5) J- (x+4j

1 1
3 — 4-1+=dt
) jtz ;

6)[\/,

9) jln—tdt

2
Rl iy

15) j3\/c052x sinx dx

dx

18) J‘eZX 1
e —

x -3
21) | ——dx
jx2—6x+3

24)j&;&

1 x
3) LlX2+1

6) J-ez 1

e xlnx

3.- Solve the following problems of application of integral calculus to the determination of

areas.:

1) Calculate the area

y=—x2+4x.

2) Calculate the area of the figure

y=—x2+4x.

limited by the graphics of the functions 3y =x

16

2 and

limited by the parabolasy:x2—2x and



XZ

3) Calculate the area of the figure limited by the curvesy = x%, y=2x and y = 5
4) Calculate the area of the figure limited by the curvesx=0, x=2, y=2% and

y=2x—x2.

5) Calculate the area limited by the curve y = x2 - 5x +6 and the line y =2x.
6) Calculate the area limited by the parabola y2 =4 x and the straight line y = x.

7) Calculate the area limited by the parabola y2 =4 x and the liney=2x-4.

8) Calculate the area limited by the parabolas x = -2y and x =1-3y?.

Solve the following problems of application of integral calculus:

1) For a certain country, the marginal propensity to the consumption is given by

ac _3 ! , Where the consumption C is a function of the national income I (in

a4 231

million euros). Determine the consumption function for that country if it is known that

the consumption is 1 million euros when I=12.

2) The marginal cost function for a certain product is given by: dec =10 - 100

dqg g+10

c is the total cost in euros when they are produced g units. When they are produced

where

100 units the mean cost is 50 euros each unit. Determine the fixed cost of the

manufactured rounding off to the nearest integer of euro.

3) The marginal cost of the manufacture of a certain product is given by the function
2

CMg(x)=6-—=
Jx

is 84000 euros, find the total cost function of the manufacture of the cited product.

, Where x are the units produced. Knowing that the cost of operation

4) In the process of recovery of a patient, it is observed that the rhythm by which

eliminates a toxic substance is given by the function f(t) =-1.19 e 022t \where tis the
elapsed time in hours from the ingestion of the cited substance. Find the function that
expresses the concentration of the substance in the blood, knowing that an hour after
his ingestion the concentration is 1 gram by liter.

5) It is estimated that by t months the population of some city will change at a rate

of 4 + 51‘2/3 people by month. If the current population is 10.000 people, which is the

population after 8 months have passed?
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6) The promoters of a fair estimate that t hours after opening the doors, from 9:00
a.m., the visitors will enter to the fair at a rate of N'(t) people by hour. Find an
expression for the number of people that will go into the fair between the 11:00 a.m.
and 1:00 p.m.

7) Itis estimated that after t years have elapsed, the population of some community

living on a lake shore will change at a rate of 0.6t2 + 0.2t + 0.5 thousands of people

per year. The environmentalists have found that the level of pollution of the lake
increases at a rate of, roughly, 5 units by 1.000 people. Find how much it will increase
the pollution of the lake in the next 2 years.

8) A manufacturer claims that his marginal cost is 6g+1 euros by unit when they

are produced g units. The total cost (included the indirect expenses) of producing the

first unit is 130 euros. Which is the total cost of producing the first 10 units?
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